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Introduction

VARIOUS methods have been proposed for post facto cor-
rection of laser Doppler velocimeter (LDV) data to reduce

velocity bias error. These include the one- and two-dimen-
sional corrections of McLaughlin and Tiederman,1 the time
between validated data method of Barnett and Bentley,2 and
the particle residence time method of Hoesel and Rodi.3 Of
the these three methods, only the two-dimensional McLaugh-
lin and Tiederman (MT) and the time between data (TBD)
methods are considered here. The one-dimensional MT
method is clearly limited to low turbulence levels, as pointed
out by the original authors. Residence time correction is very
difficult to implement in general practice, since the total
length of each Doppler burst must be recorded. When fre-
quency shifting is used—as will always be the case at high tur-
bulence levels—most signal processors will exhibit fringe
count overflows that make accurate residence time determina-
tions impossible.

Experimental sampling techniques are available that
eliminate velocity bias during data acquisition,4'5 but these
techniques require high seeding densities that may not be
achievable in some flows. Therefore, a determination of the
relative utility of different analytical correction methods ap-
plicable at low particle density would be very useful.

Analytical studies6'7 have generally assumed that velocity
bias is dependent upon turbulence intensity and one or more
characteristic time scales, i.e., the time between validated
signals, time between data samples, and integral turbulence
time scale. In the present study, these parameters are varied in-
dependently in an effort to quantify the biasing effect.

Experimental Procedure
Simultaneous axial and a radial velocity measurements were

made, using a two-color two-component LDV system with fre-
quency shift8 at four radial locations in a plane two step
heights downstream of the step in a sudden expansion
flowfield. Seed density was controlled to give the desired coin-
cident data validation rate (DVR) when the processors were
free running. The data sampling process itself was controlled
by waiting fixed time periods after each velocity validation
before obtaining the next measurement. Four nominal fixed
waiting time sampling rates were chosen as follows: free run-
ning, sampling at one-half the DVR, sampling at one-tenth the
DVR, and sampling at 100 Hz. Measurements composed of
6400 individual velocity realizations for each velocity channel
were made at each sample rate and seed density condition.

In addition to the standard (unweighted) ensemble average
statistics, the two correction methods mentioned earlier were

applied. The mean velocity estimate for all cases is given by
N , N
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and the estimate for the variance is given by
N , N

(2)

where o>/ = 1 for the standard statistic (unweighted),
co/ = l/(«2 + i;2)1/2 for the two-dimensional MT correction,
and «/ = Af, for the TBD correction.

A discrete autocorrelation estimate was made using the
method described by Jones9 and Mayo et al.10 to give infor-
mation about the turbulent time scales. The lag time axis was
divided into 1000 bins of equal width, AT = 50 /AS, and the lag
products for all points up to the maximum lag time,
rmax = 0.05 s, were accumulated in appropriate bins. The
average of all the autoproducts in each bin was assumed to be
the discrete autocorrelation function for the bin. All autocor-
relation estimates were made using four data sets (6400
measurements per set) obtained when the DVR = 20,000 Hz at
free running conditions. The Eulerian integral (macro) time
scale TE was estimated by numerically integrating the nor-
malized discrete autocorrelation. The Eulerian microscale
then was found by curve fitting the normalized discrete
autocorrelation to the exponential form, exp(-rt2), near
t = 0. This technique, described in Ref. 11, gives the Eulerian
micro or dissipation time scale as rx = 1/c. The corresponding
Eulerian macro and microfrequencies are given by fE = \/rE
and/x = l/rx, respectively.

Experimental Results and Conclusions
Figures 1 and 2 show the normalized mean velocity bias er-

ror for various fixed waiting time sample rates and correction
schemes as a function of the coincident data validation rate at
33 and 97% turbulence intensity, respectively. (Measurements
at 15 and 63% turbulence intensity, omitted for brevity, gave
results consistent with these.) Bias error is calculated by
assuming that the measurements at an effective sampling rate
of 100 Hz with DVR = 20,000 Hz gives the true unbiased
velocity f/un.4'5 The upper portion of each figure compares the
standard unweighted free running statistic with the two-
dimensional MT and the TBD corrected statistics. The lower
portion of each figure shows the effect of changing the sam-
pling rate.

A number of interesting conclusions can be drawn from the
results in Figs. 1 and 2. These are discussed below.

1) Neither of the post facto correction methods employed is
completely adequate. The two-dimensional correction appears
to be valid for turbulence intensities up to about 35% but
overcorrects at higher turbulence levels. The TBD correction
method gave mean velocities that were inconsistent and often
equaled the uncorrected results. Edwards and Baratuci12 have
suggested that a conditional inter arrival time (i.e., TBD on the
condition that the velocity lies between Vt and Vi + A V) and
not simply the TBD is the correct weighting. Chin and
Lightman13 showed that such a weighting shifts the probabil-
ity distribution in the correct direction.

2) The mean velocity bias error was found to be nearly in-
dependent of DVR when data were sampled using a free
running processor. This nearly constant error was
(U- Uun)/Uun « !/3 (u'/U) for all turbulence levels. A linear
variation of bias with turbulence intensity contradicts the
square law dependence proposed theoretically by others.2'6
However, such linear behavior of bias error for turbulence in-
tensities exceeding 40% was also observed by Petrie et al.14 in
a recent study. They used the two-dimensional MT correction
on their biased data that, in the present study, led to an over-
correction by a factor of two at 97% turbulence intensity. If
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Fig. 1 Mean velocity bias error vs data validation rate (TI = 3397o).
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Fig. 2 Mean velocity bias error vs data validation data (TI = 97%).

the same is true in their case, the bias in their measurements
agrees closely with the empirical relationship found here.

3) Another conclusion to be drawn from the experimental
results is that the DVR must be at least three times greater than
the turbulent microscale frequency to obtain bias-free results
with equal time sampling. Below this seeding limit, the results
will be biased regardless of the sampling process. The sloping
lines that become horizontal at DVR> 3/x in Figs. 1 and 2 in-
dicate this trend.

4) The results show that fixed waiting time sampling will
give nearly unbiased results (provided DVR > 3/x) as long as
the effective sampling rate is less than 1/10 DVR. Even at !/2
DVR, the bias error will be reduced.

Further work is needed to completely resolve the velocity
bias issue, but it is clear that common analytical correction
methods are inadequate and can give inconsistent or erroneous

results. Bias can be minimized experimentally by approximate
equal time sampling at rates that are low compared to the free
running data validation rate, provided the DVR exceeds the
turbulent microscale frequency by a factor of three or more.
The possibility exists that the simple empirical correction fac-
tor described above can be used when such experimental con-
ditions cannot be met. While additional confirmation is re-
quired, the present results suggest that this performs well at
turbulence levels up to 100%. Finally, it should be noted that
the results of this study are in essential agreement with conclu-
sions of the American Society of Mechanical Engineers
(ASME) panel on the bias problem as reported in Ref. 15.
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Introduction

I BRAHIM's Time Domain Technique (ITD) estimates
natural frequencies, damping factors, and mode shapes us-

ing sampled, free response data in the time domain. In the
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ITD, either the position, velocity, or acceleration is measured
at n locations (for a system with n degrees of freedom) at
discrete time intervals. These measurements are used to form
the coefficient matrix of an eigenvalue problem. The eigen-
values and eigenvectors of this matrix can be directly related to
the natural frequencies, damping factors, and mode shapes. If
there is no noise in the measurements, then only 2n discrete
time samples are needed to form a coefficient matrix to
precisely determine the vibration parameters. More data is re-
quired when noise is present in order to estimate the coeffi-
cient matrix in a least squares (LS) sense.1 However, it has
been recognized that often the LS algorithms result in biased
estimation, and therefore alternate methods such as Maximum
Likelihood and Instrumental Variables have been proposed to
eliminate the bias problems.2 Reference 3 presents a double
least squares (DLS) procedure in an effort to reduce the bias in
the LS ITD technique. This study compares the results from
the DLS and the LS techniques with an unbiased Instrumental
Variable (IV) approach. The analytical expressions for the
bias terms in the LS and the DLS ITD methods are provided.

ITD Theory
The equations of motion for the free response of a discrete,

multiple-degree-of-freedom, damped system can be written as

(1)dt

where Jt is a vector of responses at n assumed degrees of
freedom. The solutions of these equations are of the form
x(t)=p exp(\0- Substitution into Eq. (1) yields the eigen-
value problem

(2)

There exist 2n eigenvalues, X. Here, p represents the complex
modes of vibration. The system response is found by the sum-
mation, and the mode shape scaling depends upon the initial
conditions

x(t)= />, exp(A,0
7=1

(3)

Application of the ITD technique1 for "noise-free" data
results in the expression

(4)

where $ and $' are developed from 2n discrete time values of
x(t). The complex eigenvalues and eigenvectors of $'<!>"l can
be used to describe completely the vibration parameters of the
system.

Measurements with Noise
Experimental data usually is contaminated with noise, and

therefore the eigenvalue problem must be modified to deal
with noise. The modification proposed in Ref. 1 uses an LS
algorithm and, though it was recognized that the LS estimates
were biased,3 the analytical expression for the bias was not
provided. The bias led to a DLS approach3 in an effort to
reduce the influence of the noise on the parameter estimates.

Consider the case where the response data is corrupted with
noise. The measured response is

2n

(5)

where n ( t ) is a stochastic vector comprised of the noise pro-
cess at each measurement location. An overdetermined set of
equations is needed for the LS algorithm. Measurements at r


